The objective of this paper is to design the H2 optimal inverse filter of a given periodic FIR digital filter for signal reconstruction in the presence of measurement noise. The problem is converted to time invariant H2 optimization by applying the lifting technique for periodic filters and solved using the linear matrix inequality (LMI) approach. 
INTRODUCTION
Linear periodically time-varying (LPTV) digital filters have been applied extensively in control, signal processing and communications, see for example, [5, 8, 91 . In some applications, such as speech scrambling, blind source identification and image compression, the problem of signal reconstruction arises. Such a problem is formulated in this paper as designing an inverse filter so that the input signal to a given periodic digital filter is reconstructed in the presence of measurement noise. The signal reconstruction is under the H2 performance specification.
The periodic filters considered in this paper are of finite impulse response (FIR). It is well known that the lifting technique [6,7] for LPTV filters can provide an equivalence in terms of the input-output relationship between LPTV filters and their corresponding linear time invariant (LTI) models. This technique is used in this paper to lift the periodic filters and study them in an LTI setting.
For minimizing the H2-norm performance index, we resort to the linear matrix inequality (LMI) approach [2] , which has been shown to be numerically efficient in solving many convex optimization problems. Moreover, software for implementing the LMI method is available in Matlab inverse filter for signal reconstruction under the optimal H 2 performance requirement.
Section 2 formulates the problem under investigation. Section 3 gives the lifted LTI state space models for LF'TV filters. In Section 4, we first discuss standard H2-norm definitions for LTI and LPTV systems and their relation, then we use the LMI approach to solve the H2 optimal LPTV inverse filter problem.
PROBLEM FORMULATION
Consider an LPTV FIR digital filter H of period N , described by y(k) = hl,kS(k-l)+h2,kS(k-2)+. **fh,,kS(k-n) (1) where s(k), y(k) E R are the input and output signals of the filter, and hi,k for 1 5 i 5 n the N-periodic coefficient satisfying hi,k = hi,k+lN for any integer 1. 
~( k )
is the measurement noise. Our aim is to find an inverse filter F of the given periodic filter H , with input S(k) and output S(k), such that the error signal
is minimized. Figure 1 shows the periodic signal reconstruction system which has input [s(k), 77(k)]' E R2 and output e(k). We write the inverse filter F in the form of periodic FIR where fj,k for 1 5 j 5 n is the N-periodic coefficient to be determined. Thus, the H 2 optimal LFTV inverse filter problem is to design the inverse filter F in the forh (2) such that the H2-norm of the mapping from input [s(k), q(k)]' to the output, i.e. filtering enor e(k) is minimized.
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LIFTED MODEL OF LPTV FILTERS
An LPTV state space realization of (1) can be written as Likewise, an LPTV state space representation of (2) is obtained as
It follows from the structures of matrices AF (k), B F (~)
and CF ( k ) that only matrix CF (k) contains unknown coefficients f l , k , f2,k, 0 . . , fn,k, whereas A F (~) and B F (~) are constructed to be constant matrices, represented by AF and BF respectively.
Let the transition matrix of (3) be Applying the lifting technique [6, 71 to (3), we obtain the following LTI model of (3) for k E [0, N -11
where 
are constant matrices, given by Associated with the lifted LTI models (6) and (7) of the periodic filter H and its inverse filter F , let the filtering error
for e(k) = S(k) -s(k). We define Hence, we obtain the LTI signal reconstruction system e, which is the lifted model of the periodic signal reconstruction system as shown in Figure 1 . System E is written as
We note that only matrices c and D have unknown parameters f i , k , f2,k,.
+ . , fn,k of the inverse filter F.
Hz OPTIMAL INVERSE FILTER DESIGN
We first recall the definitions of the H2-norm for LTI and LPTV systems. Let 11 . 11 denote the Z2-norm of a discretetime signal and 11 denote the H2-norm of a discrete-time system. The H2-no1-m of a stable, causal, discrete-time LTI system R with T inputs and p outputs is defined Lifting G, we get an LTI system Gk for k E [0, N -11.
It is well known that from an input-output point of view, G and C?k are equivalent systems as they describe the same input-output relations, except that for LTI system G k the dimensions of input and output signals are N times larger than those for periodic system G. Thus, in view of the H2-norm definitions (9) and (10) for time invariant and periodic systems respectively, it is straightforward to verify
With respect to the lifted LTI model Gk, it is clear that
As'far as the H 2 optimization problem in this paper is concerned, ( 1 1) and (12) justify that minimizing the H2-norm of the original periodic signal reconstruction system as shown in Figure 1 is equivalent to minimizing the 232-norm of its lifted LTI model E, expressed by (8). Formally, as is well known, the H2-norm of E is also described by (13) where Lo is the observability grammian of the pair (A, c), which is the unique solution of the Lyapunov equation (14) Having recast the problem as above, we now use the LMI approach [2] to solve it. The proof of the theorem readily follows from the way the problem is formulated in the LMI framework. 
11E11;
= trace (B'L,B + D'b) A'L,A -L, + C C = o Theorem:
CONCLUSION
The problem of finding the H 2 optimal inverse filter of a given periodic FIR filter for signal reconstruction has been studied. By lifting the periodic filters to obtain their time invariant state space models, we reformulate the problem as an LTI H 2 optimization problem with several LMI constraints based on the H2-norm relationship between LPTV systems and their lifted LTI models. We use the LMI approach to derive a solution for the design of the LPTV inverse filter so that the H2-norm of the signal reconstruction system is minimized.
